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Distributional dual-process model
predicts strategic shifts in decision-
making under uncertainty
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In an uncertain world, human decision-making often involves adaptively leveraging different strategies
to maximize gains. These strategic shifts, however, are overlooked by many traditional reinforcement
learning models. Here, we incorporate parallel evaluation systems into distribution-based modeling
and propose an entropy-weighted dual-process model that leverages Dirichlet and multivariate
Gaussian distributions to represent frequency and value-based decision-making strategies,
respectively. Model simulations and empirical tests demonstrated that our model outperformed
traditional RL models by uniquely capturing participants’ strategic change from value-based to
frequency-based learning in response to heightened uncertainty. As reward variance increased,
participants switched from focusing on actual rewards to using reward frequency as a proxy for value,
thereby showing greater preference for more frequently rewarded but less valuable options. These
findings suggest that increased uncertainty encourages the compensatory use of diverse evaluation
methods, and our dual-process model provides a promising framework for studying multi-system

decision-making in complex, multivariable contexts.

Human decision-making has been extensively studied through the lens of
expected value (EV) or expected utility (EU), which quantitatively defines
the anticipated outcome of choosing a given option, adjusted by subjective
weightings for, for example, outcome valence, probability, and
magnitude'”. Since the 17" century, EV and EU typically reflect holistic,
unitary, and deterministic measures of utility, which can be rational, or,
more often, biased under conditions of uncertainty and/or incomplete
information*”. Researchers have long sought to develop computational
models that can accurately specify the cognitive pathways people use to
adjust their expectations, usually in the context of repeated reinforcement
learning (RL) and under constraints of limited time and resources™ . Yet,
the applicability and effectiveness of many current RL models still vary
significantly across different contexts™*'", suggesting that EV may not be
best represented as a singular value'”™, nor do individuals consistently
adhere to one single decision-making strategy'*™"’.

Emerging evidence from neural and behavioral modeling studies
suggests that, rather than aiming for a definite EV, people are more likely to
process incoming information in a probabilistic manner, continuously
updating their internal representations of expected outcomes as
distributions'>'**". Building upon this, we propose that distribution-based
modeling with parallel evaluation systems can be leveraged to address the
limitations of both singular EV representations and adaptive strategy
switching. In this framework, each system represents expected outcomes as

distinct distributions, which are updated independently using only relevant
aspects of the outcome information and weighted by their associated sta-
tistical dispersion (i.e., entropy) to inform final decisions. In this work, we
demonstrate that an entropy-weighted dual-process model that integrates
two simple distribution functions—namely the Dirichlet and the multi-
variate Gaussian distribution—can effectively capture frequency-based and
value-based decision-making strategies, adapt to diverse RL contexts, and
elucidate the underlying rationale behind trial-by-trial decisions.

In instance-based RL, a critical finding from previous research on
adaptive decision-making reveals that decisions are guided not only by the
EV of rewards but also by their frequencies*’™"*"*>. Reward frequency
sometimes serves as a proxy for the perceived value of an option, giving
people an intuitive sense of which option provides more rewards. When
making decisions based on experience, people tend to undervalue infre-
quently rewarded, less familiar options, often leading to a disproportional
preference for more frequently rewarded options even when they yield
suboptimal long-term payoffs*'"'**. Interestingly, these frequency effects
manifest only between pairs of options with marginal value differences,
while in cases where the difference is more discernible, the frequency of
reinforcement has little impact on decision-making'"*.

Supporting this, cross-model comparison studies”"' also show that
frequency-sensitive models (e.g., Decay models) better fit participants’
behavior than mean-centered models (e.g., the Delta model) in more
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information-intensive, memory-demanding scenarios, such as four-option
tasks or an omniscient version of the Iowa Gambling Task (IGT) where
participants have full information about the outcomes of all decks regardless
of their choices. However, this advantage dissipates in simpler tasks, such as
binary choice tasks and the original IGT. These findings point to a potential
multivariable interplay among reward value, frequency, and self-perceived
uncertainty, where individuals tend to make rational, value-based decisions
when they are able to fully process option values, whereas under conditions
of high value uncertainty, they may consult a more intuitive, reflexive
decision-making system that prioritizes the frequency of rewards as a proxy
for value, leading to habitual behavioral patterns favoring the safe option.

Unfortunately, many existing RL models fail to account for this
uncertainty-driven strategic shift, as they either computationally overlook
the role of uncertainty, or lack the flexibility to accommodate alternative
decision-making strategies. Among those models that do incorporate
uncertainty, asymmetric RL models™ that assign different learning rates for
positive versus negative prediction errors have been shown to account for
risk sensitivity in both neural and behavioral data. Similarly, the mean-
variance utility model from the economics literature also discounts an
option’s EV by its estimated variance”. However, as our simulation results
later demonstrate, these models do not predict a shift in preference from
more valuable options under low value uncertainty to more frequently
rewarded options under high value uncertainty. This is because these
models apply the same level of discounting to the EVs of all options when
reward variance is uniformly elevated, leaving no mechanism to differ-
entiate preferences. Without a supplementary system to aid in the decision-
making process under such conditions, these uncertainty-sensitive models
fail to capture frequency effects in environments where variance is equally
high across all options.

To empirically test our model and explore these nuanced interactions,
we presented participants with four options (A, B, C, D) across three ran-
domly assigned levels of reward variance: low variance (LV), moderate
variance (MV), and high variance (HV). Rewards for each option were
randomly drawn from a normal distribution with constant mean values
(A =0.65,B=0.35C=0.75, D = 0.25) and the assigned variance level. The
task consisted of two phases'". In the first phase, participants underwent 150
training trials with feedback, selecting from either AB or CD pairs. In each
pair, one option (i.e., A and C) yielded significantly higher rewards than the
other (i.e., Band D). However, AB pairs were presented twice as often as CD
pairs (i.e., 100 AB trials versus 50 CD trials), resulting in A providing more
frequent rewards than C, despite having a lower average reward value (A:
0.65, C: 0.75). After the training phase, participants proceeded to the transfer
phase, where they selected from the remaining combinations (i.e., AD, BD,
CA, CB) without feedback. We were particularly interested in examining
selections from the new CA pair to gauge participants’ subjective evaluation
of C versus A, as this pair presents a scenario where the more frequently
rewarded option (A) has a lower average payoff than the other option (C).

We hypothesized that (1) EV in multivariable scenarios is better
represented as an entropy-weighted sum of estimations from parallel dis-
tributional evaluative systems than a singular value generated by a fixed
learning rule; (2) in our task, people’s preference for the more frequent but
less rewarding option, A, would increase with higher reward variance due to
increased entropy—or reduced confidence—in value-based processing and
the need to explore alternative evaluation strategies; (3) this shift in pre-
ference would be correlated with increased model-inferred weights on
frequency-based processing and a corresponding decreased reliance in
value-based processing.

Methods

Participants

This study was approved by Texas A&M University Institutional Review
Board (IRB2021-1008M). Participants were 293 undergraduate students
from Texas A&M University, who received partial course credit for their
participation and provided informed consent. The mean age was 19.13 years
(SD = 1.58), with 65% of participants self-identifying as women (Women =

169, Men = 91, Missing = 33). Demographic information for 33 of the 293
participants was not collected due to technical issues. However, as most
participants were first-year students enrolled in the introductory psychology
course, the overall distribution of age and sex is very unlikely to be sig-
nificantly impacted by the missing data. Race and ethnicity information was
not collected but is expected to align with the typical demographic profile of
first-year psychology students at Texas A&M University. Participants were
randomly allocated into the LV (1 =93), MV (n =100), and HV (n = 100)
conditions. No participant was excluded from our analysis.

Procedures

The experiment was run on Windows lab computers using Psychtoolbox
3 for MATLAB. The procedures are fundamentally the same as Don et al.
(2019). Figure 1 shows an example trial sequence of the task. Participants
were instructed that they would make repeated choices on each trial, and
they would gain or lose rewards for each choice. They were told their goal
was to gain as many points as possible, so they should try to learn which
options are most rewarding. Choice options were four fractal images,
presented in different pair combinations. The fractals each participant
saw were randomly drawn from a pool of 12 images and the order of the
4 selected images were randomly arranged on screen. Further, the AB
and CD option pairs’ placement was also randomized onscreen. AB and
CD were always together as a pair, but the order of each pair varied for
each participant. As an example, some potential orderings of the option
could include: ABCD, CDAB, BACD, etc. The reward structure is shown
in Table 1.

In the training phase, participants made choices between option A
versus option B, or option C vs option D. There were 100 AB trials, and 50
CD trials, with each trial type randomly distributed over the 150 training
trials. Rewards were centered at each deck’s mean value (A = 0.65, B = 0.35,
C = 0.75, D = 0.25). For the HV condition, rewards were normally dis-
tributed with the standard deviation mirroring that of a binomial dis-
tribution. For decks A and B, this was (.65 X .35)" = .48, and for C and D
this was (.75 X .25)° = .43. For the MV condition, the standard deviation
in rewards was half that of the HV condition (i.e., .24 for AB; .22 for CD),
and the LV condition was a quarter of those in the HV condition (i.e., 0.12
for AB; .11 for CD)

After training, participants were told they would now choose between
different option pairs. Transfer test trials included 25 of each AC, AD, BC
and BD trials, in random order. No feedback was provided for choices in the
test phase.

This study was not preregistered; however, our experiment was care-
fully designed and provided clear predictions regarding the expected
direction of the effects. Data distribution was assumed to be normal but this
was not formally tested.

Model

In our model, we innovatively leverage two widely used distribution
functions—the Dirichlet and multivariate Gaussian distributions—to
represent frequency-based and value-based decision-making processes,
respectively, thereby minimizing presumptions and manual engineering™.
The multivariate Gaussian distribution, akin to a univariate normal dis-
tribution, defines the EV distribution of each option solely based on the
reward’s mean and variance, without retaining a tally of past rewards.
Previous models have included additional parameters to account for
aspects of subjective utility such as loss aversion and discounting of large
rewards’, but in this work, since most rewards were gains, and rewards
were normally distributed, we assumed that rewards were processed
veridically, rather than as subjective utility. As a result, we focused on
testing simpler models that do not make assumptions regarding subjective
utility. Additionally, as Yechiam (2019) pointed out, EU is often linear
and symmetrical when the absolute magnitude of EVs is relatively small
(e.g., below 100), making a subjective utility function unnecessary in such
cases”. In our paradigm, the magnitude of outcomes ranged between 0
and 1, which falls well within this range. During model comparison,
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however, we included one model—the mean-variance utility model—
which incorporates a shaping parameter for the utility function.

In contrast, the Dirichlet distribution, as a multivariate extension of
the Beta distribution, records only the number of successes and is
commonly used as an a priori distribution to estimate the probabilities of
multiple events with binary outcomes (i.e., successes and failures)**”. In
our model, we use the Dirichlet distribution to track the success fre-
quencies across the four options, essentially recording how many times
each option has been chosen and yielded a rewarding outcome. Given
that our RL paradigm involves mostly gains, we define a “success” as

Training Trials
Total: 2.66

Option A Option S

o
Z

Now please choose an option by clicking on one of the boxes above

Transfer Trials

Option A Option L

Now please choose an option by clicking on one of the boxes above

Fig. 1 | Example trial sequences. During the first 150 training trials, participants
selected from either the AB or the CD pair. Option labels were randomized (e.g.,
Option S could correspond to A, B, C, or D in the reward schedule). The total virtual
points earned were displayed at the top of the screen. After each selection, partici-
pants received feedback on the number of points gained. In the subsequent 100

receiving a reward higher than the average of the estimated mean values
across all four options in the Gaussian process. On each trial, if the
received reward exceeds this overall average, one success is added to the
chosen option in the Dirichlet function. This causes the distribution
function to allocate slightly more probability density to that option for
future selections. Although the defining a “success” in the Dirichlet
distribution may initially require input from the Gaussian process, this
information is quickly converted into an offline tally of past rewarding
instances (i.e., the a parameter in the Dirichlet distribution). During
decision-making, the Dirichlet distribution involves only the retrieval of

Option A

Option A

transfer trials, participants chose from the remaining four option combinations (i.e.,
25 trials for each)— CA, BD, AD, and CB—without cumulative point displays or
feedback. They were instructed to rely on knowledge acquired during the training
phase to maximize their points.

Table 1 | Reward Structure

Option

Group A B C D

Low Variance N(M,SD) 0.65(0.48) 0.35(0.48) 0.75(0.43) 0.25(0.43)
base-rate 2 1

Moderate Variance N(M,SD) 0.65(0.24) 0.35(0.24) 0.75(0.22) 0.25(0.22)
base-rate 2 1

High Variance N(M,SD) 0.65(0.12) 0.35(0.12) 0.75(0.11) 0.25(0.11)
base-rate 2 1

N(M,SD) indicates continuous normal distributions of rewards for each option. M is the mean and SD is the standard deviation. “Base-rate” indicates how frequently each choice pair is presented during
training, relative to the other choice pair. For example, 2:1 means the first pair is presented twice as often as the second pair.
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this tally, which is hypothesized to be less resource-consuming than the
Gaussian process.

These two distribution functions allow us to dissociate the impact of
reward frequency from actual reward values. The Dirichlet and multivariate
Gaussian distributions share few elements in generating the posterior dis-
tribution. The Dirichlet distribution retains only the number of successes
per option, while the Gaussian distribution estimates the underlying value
distributions. The contrast between these two distributions becomes par-
ticularly evident when considering an option that has been rewarded fre-
quently but with small rewards. The Dirichlet distribution would assign a
high probability mass to this option because of its high reward frequency,
whereas the multivariate Gaussian distribution would show little preference,
as the small rewards do not significantly alter the perceived average value for
that option (see Fig. 2).

A major challenge with integrating multiple decision-making systems
is determining their relative weight. Previous studies juxtaposing two pro-
cesses often use a constant weight parameter to reflect the overall preference
for one process over the other'>"****. However, this approach assumes that
the same weight is applied to each choice the participant makes, which is
likely not the case, especially in cross-comparisons among multiple options.
For instance, in our task, people probably do not apply the same weight
when choosing between options A and B, where A is clearly better than B, as
they would when choosing between options A and C, where the difference is
more ambiguous.

To address this, we conceptualize that individuals should give greater
weight to the estimation process with less uncertainty. In modeling terms,
this implies that the distribution with lower entropy should be given a higher
weight. Gaussian entropy reflects confidence in the estimated value of an
option (e.g., “How sure am I that option A is worth this much?”), while
Dirichlet entropy reflects confidence in the observed frequency of rewards
for an option (e.g., “How sure am I that option A has yielded this many
rewards so far?”). In this work, the term “uncertainty” refers specifically to
value uncertainty in the Gaussian process, influenced by our reward var-
iance manipulation. In contrast, frequency uncertainty, represented by the
statistical dispersion of the Dirichlet distribution, will be referred to sepa-
rately as “frequency”. This modeling approach creates a delicate balance
between uncertainty and EV, where the impact of EV differences will be
proportional to the level of uncertainty within the estimation process. In
other words, an estimation process will have a large impact only when the
EV difference is substantial, and the individual is confident about the dif-
ference. Specifically, uncertainty in a given distribution function f(x) is
estimated using differential entropy h(x)™":

o) == [ loglf o) )

and the weight for the Dirichlet process wy is calculated as:

_ w; - Zh(G)
- w, - 2M9 4 (1 _ Wl) . Qh(D)

2

Wp

where h(G) and h(D) represent the differential entropies for the multivariate
Gaussian and Dirichlet distributions, respectively (see Supplementary
Methods for the definition of individual distribution functions). The term
2" converts differential entropy into effective volume, which can be
interpreted as the size of the space occupied by a continuous random
variable x™. It also assures that the measure of uncertainty is always positive.
The parameter w; denotes the subjective preference for the Dirichlet dis-
tribution, analogous to a constant weight parameter, which captures peo-
ple’s baseline reliance on the Dirichlet process. Crucially, the overall
Dirichlet weight, wp, is the product of the objective weight—calculated as
the proportion of inversed Dirichlet entropy relative to the cumulative
inversed entropy—and the subjective weight, which accounts for individual
differences. This combined weight is then applied to the probabilities gen-
erated from a SoftMax rule. The predicted probability that option j will be

chosen on trial ¢, P|C(#)] is calculated as:

eﬁ»EVD_f(r)

P EVe O
- 4 (1
ZII\’(J) FEVD, 0

PIC,(1)] = w- SN0 76,0

— wp) - (3)

where § = 3° — 1(0<c¢<5), and ¢ is a log inverse temperature parameter
that determines how consistently the option with the higher expected value
is selected”. When ¢ = 0, choices are random; as ¢ increases, the option with
the highest EV is selected more often. The EVs are the mathematically
defined expectations for their respective distributions. In the multivariate
Gaussian distribution, the EV for option j, EV; , is the estimated mean, y;. In
the Dirichlet distribution, EV;p, is the proportion of the estimated fre-
quency, aj, divided by the sum of all frequency estimates, ——

i1 i

We compared our dual-process model to five established RL models.
The Delta and Decay models represent the best-performing examples from
the two major classes of RL learning models with demonstrated effectiveness’.
The Delta model™, one of the most widely used mean-centered RL models,
updates the EV of an option solely based on recency-weighted prediction
errors and assumes no changes for unchosen options. In contrast, the Decay
model'™”', which excels in decision-making scenarios with unequal reward
frequencies, adds the raw reward value to an option’s EV but assumes that the
EV decays for every time point the option is not chosen. We also compared
our model to two uncertainty-sensitive models that account for reward
variance. The risk-sensitive Delta model™* follows the same updating rule as
the Delta model but applies asymmetric learning rates for positive versus
negative prediction errors. The mean-variance utility model”, drawn from the
economics literature, discounts an option’s EV by its variance to incorporate
risk sensitivity. Finally, we compared the dual-process model to a classic
example from the sampler model class, the Adaptive Control of Thought—
Rational (ACT-R) model™”. We used a slightly modified version of the ACT-
R model introduced by Erev and colleagues (2010) for applications in repe-
ated RL tasks’. This ACT-R model probabilistically retrieves past experiences
to guide future actions. It calculates the activation level for each previous
experience of choosing an option and aggregates activated experiences to
determine the EV using a probability-weighted sum. The computational
mechanisms of these alternative models are detailed below.

Alternative models

The Delta rule” updates the EV by incorporating the prediction error
between the EV from the last trial and the actual reward received in the
current trial. EV, ; for option j is defined as:

EV

e =BV, +a (r, - EVN> I (4)

where I;is a term recording option choice via a value of 1 if option j is chosen
on trial ¢, and 0 otherwise; r, is the reward value; and « is the learning
parameter, « € (0, 1), with higher « indicating greater emphasis on most
recent samples. In this model, no memory of previous trials is retained,
making it mean-centered. Consequently, when prediction errors are
minimal, the EV will not increase significantly regardless of the number
of rewards received.
The Decay mode

11,21

updates the EV of option j on trial f as:
EVjyy =EVj,-(1-A) +r, 5)

where A is the decay parameter, A € (0, 1), with higher A indicating higher
weights given to recent outcomes. In this model, the EV for each option will
decay over time and only increase when a reward for that option is received.
Thus, the more frequent the reward, the greater the EV, making the Decay
model sensitive to reward frequencies.

The risk-sensitive Delta model** applies asymmetric learning rates for
positive and negative prediction errors and then updates EV in the same
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manner as the standard Delta model. Specifically, where 8(r,) represents the prediction error, §(r,) =r, — EV;aand o

denote the learning rate for positive and negative prediction errors,
EV;,+at-8(r,) I ifé(r,)>0,

j respectively, & € (0, 1). This model has been shown to effectively account
EVji = ) 6) for risk sensitivity in decisi akine”*
) EV]’,: +a - 5("t) . [j ifd (”t) <0, or risk sensitivity in decision-m: ng2 .
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Fig. 2 | The updating mechanisms of the Dirichlet and Multivariate Gaussian
distributions. This figure illustrates the basic mechanisms of our dual-process
model, comparing how the Dirichlet and multivariate Gaussian distributions pro-
cess reward information. Imagine we have three options: A, B, and C. As the prior,
each option has been selected once and yielded a reward of 0.5. This results in equal
probability mass being assigned to each option in both Dirichlet and Gaussian
distributions, indicating no a priori preference. Next, if B is selected again and yields
a reward of 0.6, both distributions become biased towards B because this increases
both the tally of B yielding a reward and the average value of B so far. Now, if B is
selected 100 times, with a reward of 0.6 each time, the tally of B yielding a reward
above average becomes 102, causing the Dirichlet distribution to favor B almost
exclusively. In contrast, the Gaussian distribution shows little change because it
primarily processes the average value of B, which approximates 0.6 over time. In this
scenario, the Dirichlet distribution predicts a close-to-1 probability of selecting B
again, while the Gaussian distribution only gives a probability slightly higher than

0.5. Finally, imagine that on trial 102, A is selected and yields a reward of 0.95. This
does not significantly affect the Dirichlet distribution, as the overwhelming
advantage of B still exists. However, the Gaussian distribution changes considerably,
now favoring A, as the average value for A increases significantly from 0.5 to 0.725,
higher than 0.599 for B. At this point, the two distributions diverge in their pre-
dictions: the Dirichlet distribution continues to favor B very strongly, while the
Gaussian distribution predicts a higher probability of choosing A over B due to its
higher average reward value. Here, a denotes the vector for the number of successes
and p represents the vector for the mean values. For simplicity, neither the decay and
learning rates nor the uncertainty are included here. The distribution plots represent
the posterior Dirichlet and multivariate Gaussian distributions generated using the
corresponding parameter sets. Blue dots indicate data points randomly sampled
from the posterior distributions. For each posterior, 5,000 data points were ran-
domly sampled, with the x-, y-, and z-axes representing the actual values of the
sampled data points.

Another risk-sensitive model, the mean-variance utility model”, dis-
counts the EV of an option by its estimated variance. Specifically:

Ao?
_ J
EV]- =y — -5 7)

where y and ¢” represent the mean and variance of the outcomes for
option j; and A quantifies subjective risk aversion. A higher A indicates
greater risk aversion. In economics, this model typically excludes
recency effects or the discounting of past outcomes. However, for its
application in psychology, we update its mean and variance using a
Delta rule:

Biry1 = Hjy T 8(”:) I ®)
0P =0+ (8(n)' = o2,) -, ©)

where, again, & (r, ) represents the prediction error, §(r,) = r, — EV;;;and
« denotes the learning rate, a € (0, 1).

Finally, the ACT-R model is a sampler model that represents a classic
abstraction of the declarative memory system. As described in Erev et al.
(2010), each trial is coded into an experience chunk that includes the par-
ticipant’s selection and the corresponding reward r. When option j is pre-
sented again, the agent considers all previous experiences selecting option j
and recalls the experiences that exceed the activation level. The activation
level of experience i is calculated as:

n
Aj=1In Z tix +e(s) (10)
k=1
where ;) is the number of trials since the kth time option j was selected, a is
the decay rate, and &(s) is a random value chosen from a logistic distribution
with variance n%s% /3, s = «/—%ﬁ The random term implements a stochastic

SoftMax retrieval process akin to Eq. 3 where the probability P; of retrieving
experience i is given by:

b

P, = W (11)
where 8 = 3° — 1(0 < ¢ <5). Then, the reward value of any experience that
exceeds the activation level 7 will be weighted by the corresponding P; to
calculate the weighted sum as the EV for option j. For P;> 7, the EV is
calculated as:

EV,= Y P

ie{i| A>T}

(12)

where ; is the actual reward value for experience i. This method allows the
ACT-R model to stochastically integrate past experiences and predict the
probability of selecting option j based on the weighted contributions of all
relevant experiences.

Model Simulation

To evaluate how each of the six models would adapt to various RL scenarios,
we randomly sampled 5000 reward schedules while maintaining the same
basic task structure: (1) C> A > B > D, with at least a 0.01 mean difference;
(2) C,A €(0.5,1) and B,D € (0,0.5); 3) AB trials presented twice as
often as CD trials during the training phase; (3) reward standard
deviation € (0.11, 0.48). For each reward schedule, we ran 1000 simulations
to predict preferences in CA trials. Across a wide range of reward ratios and
variances, we generated two sets of model surfaces: one showing the pre-
dicted proportion of C choices in CA trials and another showing the pro-
portion of simulated agents displaying a disproportionate preference for the
more frequently rewarded option A. The reward ratio between two options
is calculated as !4111!42’ and choosing C less frequently than this ratio indicates
a disproportionate preference for A. Previous research® demonstrated that
simulating the entire surface of computational models can reveal underlying
model properties and task dynamics that might be missed when focusing
solely on specific reward schedules.

To avoid simulation result variations caused by differing schedules, the
same 5000 generated reward schedules were applied to all models. During
these simulations, parameters were randomly drawn from uniform dis-
tributions. The learning rate « and decay parameter A values were bounded
between 0 and 1, ¢ between 0 and 5, 7 between -2 and 0, and all weight
parameters, including A, were constrained between 0 and 1'*”. Randomized
trial sequences in both training and transfer phases were generated and
shuffled for simulation. For traditional model simulations presented in the
supplementary materials, we followed the same procedure but increased the
sample size, simulating 10,000 virtual agents for each condition.

In the post-hoc simulation, we randomly sampled 10,000 parameter
sets with replacement from the individualized best-fitting parameters
obtained during model fitting (akin to bootstrapping). These sampled best-
fitting parameters were then used to simulate the model with randomized
trial sequences, allowing us to estimate the model’s ability to replicate
empirical behavioral patterns. For each model, we calculated the percentage
of choosing the optimal option in each pair (e.g., A in AB trials, C in CA
trials) as predicted by the simulations. The root mean squared error (RMSE)
was then computed between the actual and predicted percentage of
choosing the optimal option across six trial types to estimate model
performance.

Model fitting and evaluation

We used the maximum likelihood (ML) approach for model fitting. The
negative log likelihood of the parameter set 0, given observed data y and
model M, L(6|y, M), is minimized using the minimize function in the SciPy
library in Python. To avoid local minima, we ran the optimization 200 times
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for each participant with randomly selected starting points for each para-
meter. Data from both training and transfer phases were used during model
fitting.

We computed the Akaike Information Criteria (AIC)"' and Bayesian
Information Criteria (BIC)* for each individual participant for each model,
and used these indices to calculate AIC and BIC weights for model
comparison®. AIC is calculated as:

AIC = —21nL<5, Ly, M) 42K (13)

where K is the number of free parameters in the model. BIC is calculated as:

BIC = —2InL (5, Iy, M) + KIn(N) (14)

where N is the number of observations. In our study, N equals the 250 trials
for each participant. The AIC and BIC weights are calculated as:

w,(AIC/BIC) = — 2 — 144 (AIC/BIC) (15)

K exp — 1A, (AIC/BIC)

where A,(AIC/BIC) = AIC,/BIC, — min(AIC/BIC). Higher AIC or BIC
values indicate worse model fit, whereas higher AIC- and BIC-weights
indicate greater support for the model relative to all comparison models. We
also calculated the Bayes Factor (BFjg) as BFjo, Moden = e€xp
(BlCmodel2BiCmoddl)* ~ A BF,, higher than 3 is generally considered
significant, representing a moderate sized effect*.

In addition, we applied Variational Bayesian Model Selection
(VBMS)* criteria, which are designed for group-level model comparisons.
VBMS treats the model as a random variable and estimates the parameters
of a Dirichlet distribution, which are then used to define a multinomial
distribution that provides the probability of each model generating the data
for a randomly selected subject. Specifically, the posterior Dirichlet para-
meters, o, represent the estimated frequency of each model being the one
that generates the data for a given subject. The posterior multinomial
parameter, ry, describes the probability that data from a randomly chosen
subject is generated by a specific model k. Finally, the exceedance prob-
ability, ¢y, quantifies the likelihood that a particular model k is more likely
than any other model in the set to generate group-level data. We used BIC to
approximate the log evidence (see Supplementary Table 3 for results using
AIC as the log evidence) and all three metrics were calculated for model
comparisons.

Model-recovery and parameter-recovery

To assess the significance of the findings obtained in the model fitting
analyses, we conducted model recovery and parameter recovery analyses™.
These analyses assessed whether the data generated by the dual-process
model could be accurately recovered by itself and whether the fitting process
could retrieve the underlying parameter set that generated the data. Briefly,
we simulated datasets using all six main models: the dual-process model,
Delta, risk-sensitive Delta, mean-variance utility, Decay, and ACT-R. Each
simulated dataset was then fit by all models to assess how well the data
generated by Model A can be best fit (i.e., recovered) by Model A compared
to other models. This process was repeated 100 times for each condition,
with 30 random starting parameter sets used during the fitting of the
simulated data. Since we were testing a new model and the “true” parameter
range was largely unknown, we did not manually set any additional
boundaries on the parameters. Therefore, all simulations for all models were
conducted using parameters drawn from their entire possible range.

The results were presented in two matrices. The confusion matrix
reports the probability that Model A fits the data best given the data was
generated by Model A, P (fit model | simulated model), while the inversion
matrix reports the probability that Model A generated the data given it was

best fit by Model A, P (simulated model | fit model). For both matrices, a
higher score indicates better recovery performance.

This simulation process also provided insights into parameter recov-
ery. For this, the underlying parameter sets used during simulation were
recorded and correlated with the best-fitting parameter sets recovered by the
same model. Ideally, the data generated by a Model A with given parameters
can be fit by Model A to recover those parameters, leading to a high cor-
relation between the generating parameter set and the recovered parameter
set’®. A higher correlation indicates better parameter recovery.

Results

A priori model simulations

As shown in Fig. 3a, the dual-process model was the only model sensitive to
both reward ratio and variance: it predicted fewer C choices in CA trials with
both higher variance and lower reward ratio. In contrast, the Delta, risk-
sensitive Delta, mean-variance utility, Decay and ACT-R models showed a
sharp increase in the proportion of C choices as reward ratio increased,
whereas their surfaces remained nearly flat across the variance axis. This
indicates that these models primarily focused on reward value differences
while ignoring the impact of uncertainty. Similarly in Fig. 3b, the dual-
process model predicted an increasing proportion of simulated agents
displaying frequency effects with both higher reward variance and lower
reward ratio. The Decay model predicted frequent occurrences of frequency
effects overall, even with high reward ratios, but showed little sensitivity to
changes in reward variance. The other four models predicted minimal
changes as reward variance varied. In our paradigm, the two uncertainty-
sensitive models failed to adapt to different levels of reward variance because
they discounted the EV of all options equally when all options had the same
level of reward variance. This uniform discounting prevented relative EV
differences from changing with altered reward variance, as these models
computationally overlooked the role of reward frequency.

Statistically, this pattern was confirmed through logistic regression
models. Logistic regression predicting the proportion of C choices by reward
ratio and variance (Proportion of C Choices ~ Reward Variance x Reward
Ratio) showed that, across all six models, the proportion of C choices in CA
trials generally had a positive relation with the reward ratio (dual-process:
b=13.581 +2.561, z=5.303, p <0.001, 95% CI = [8.599, 18.641]; Delta:
b=18.537+£2.914, z=6.361, p <0.001, 95% CI = [12.882, 24.309]; risk-
sensitive Delta: b=18.494 +2.913, z=6.348, p <0.001, 95% CI = [12.841,
24.264]; mean-variance utility: b = 18.662 + 2.908, z = 6418, p <.001, 95%
CI=[13.020,24.421]; Decay: b = 7.494 + 2.360, z = 3.175, p = .001,95% CI =
[2.875, 12.130]; ACT-R: b=17.774 + 3.149, z = 5.644, p < 0.001, 95% CI =
[11.671, 24.020]), indicating more C choices as reward ratio increased.
However, only in the dual-process model did the regression model find a
significant interaction effect, where increased reward variance attenuated
the positive association between reward ratio and C choices
(b=-15.826 +7.907, z = -2.002, p = 0.045,95% CI = [-31.373,-0.368]). For
the other five models, the interaction effects were non-significant (Delta:
b=-15.144 £ 8.960, z = -1.690, p = 0.091, 95% CI = [-32.742, 2.391]; risk-
sensitive Delta: b=-15.093 £8.956, z=-1.685, p=0.092, 95% CI =
[-32.682, 2.434]; mean-variance utility: b=-16.009 + 8.933, z=-1.792,
p=0.073, 95% CI = [-33.556, 1.473]; Decay: b=0.145 +7.472, z=0.019,
p=0985 95% CI = [-14.508, 14.792]; ACT-R: b=-7.692+9.701,
z=-0.793, p = 0.428, 95% CI = [-26.740, 11.300]).

A second set of logistic regression models predicting the proportion of
simulated agents showing frequency effects by reward ratio and variance
(Proportion of Frequency Effects ~ Reward Variance x Reward Ratio)
revealed similar results. While all models, except for the Decay model,
predicted a lower prevalence of frequency effects as reward ratio increased
(dual-process: b=-13.456 +2.505, z=-5371, p<0.001, 95% CI =
[-18.405, -8.581]; Delta: b=-16.633 +2.809, z=-5.920, p <0.001, 95%
CI = [-22.194, -11.178]; risk-sensitive Delta: b=-16.566 + 2.810,
z=-5.895, p <0.001, 95% CI = [-22.129, -11.110]; mean-variance utility:
b=-16.649 £2.801, z=-5.944, p<0.001, 95% CI = [-22.194, -11.210];
Decay: b=-3.182+2417, z=-1.316, p = 0.188, 95% CI = [-7.915, 1.563];
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(a) Simulated Model Surfaces for C choices in CA Trials
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Fig. 3 | Model simulation results. a Simulated model surfaces showing the pro-
portion of C choices in CA trials reveal that the dual-process model uniquely
demonstrates sensitivity to both increased variance and lower reward ratios. In
contrast, the other five models exhibit sharp declines in frequency effects as reward
ratio increases but remain largely insensitive to variance. Color represents the dif-
ference between the reward ratio and the C choice rate, with blue indicating fre-
quency effects (i.e., a preference for the more frequently rewarded option A) and red
indicating a stronger preference for C than predicted by the reward ratio. b Model
surfaces for the proportion of simulated agents showing frequency effects further
highlight that the dual-process model uniquely predicts a higher prevalence of
frequency effects with both increased variance and lower reward ratios. The Delta,
risk-sensitive Delta, mean-variance utility, and ACT-R models again show sharp
declines in frequency effects as reward ratio increases while remaining unresponsive

010 015 020 025 030 035 040 045 050
Objective Weight of the Dirichlet Process

(d) Correlation Between Objective
Dirichlet Weights and Frequency Effects

to changes in variance. The Decay model, while consistently predicting strong fre-
quency effects, also displays limited sensitivity to variance (see also Supplementary
Figs. 1, 2 for traditional simulations limited to the three experimental conditions).
The color bar is normalized to represent the percentage of simulated agents dis-
playing frequency effects. ¢ The heatmap shows that higher reward variance and
lower reward ratios result in a stronger reliance on the Dirichlet distribution. d The
scatterplot shows that increased objective Dirichlet weights are positively correlated
with greater preference for A in CA trials, supporting the hypothesis that greater
uncertainty enhances reliance on frequency-driven processes, which is directly
related to more prevalent frequency effects. In these figures, “variance” conceptually
refers to reward variance rather than statistical variance. As indicated in the brackets,
the values represent the standard deviation of the normal distributions from which
the rewards are drawn.

ACT-R: b=-15.542 +3.108, z=-5.000, p <0.001, 95% CI = [-21.705,
-9.518]), only the dual-process model predicted that this negative rela-
tionship would be mitigated by increased reward variance (dual-process:
b=23913+7.730, z=3.094, p =0.002, 95% CI = [8.816, 39.126]; Delta:
b=16278 £8.612, z=1.890, p =0.059, 95% CI = [-0.570, 33.200]; risk-
sensitive Delta: b =16.098 + 8.612, z=1.869, p =0.062, 95% CI = [-0.750,
33.644]; mean-variance utility: b= 16.774 + 8.585, z = 1.954, p = 0.051, 95%
CI = [-0.020, 33.644]; Decay: b =-0.535 + 7.663, z = -0.070, p = 0.944, 95%
CI = [-15.557, 14.495]; ACT-R: b=7.902 + 9.482, z=0.833, p = .405, 95%
CI = [-10.648, 26.531]).

We closely examined the underlying cause of dual-process model’s
sensitivity to reward variance. As predicted, higher variance increases the
statistical dispersion in the Gaussian process, which in turn reduces its
objective weight. In contrast, the Dirichlet process remains relatively
unaffected, as the frequency with which simulated agents receive above-
average rewards from options A and C does not vary significantly across
different levels of variance. Assuming a uniformly distributed personal
preference for the two processes, the decreased objective weight of the
Gaussian process results in a higher overall weight for the Dirichlet process,
which, in turn, favors A and leads to fewer selections of option Cin CA trials.

Behavioral results
To validate our model predictions, 293 participants completed the task (LV:
93; MV: 100; HV: 100). Figure 4a shows the proportion of optimal choices

for each trial type during both training and transfer phases. Logistic
regression analyses (Proportion of Optimal Option ~ Condition + Trial
Type) indicated that participants were generally less likely to select the
optimal option in the MV condition compared to the LV condition
(b=-0.273 £ 0.023, z=-11.892, p < 0.001, 95% CI = [-0.228, -0.318]), and
in the HV condition compared to the MV condition (b=-0.518 + 0.021,
z=-25.020, p<0.001, 95% CI = [-0.559, -0.478]) across all trial types,
indicating poorer learning with increased uncertainty. During training, we
observed slower increases in optimal choices (i.e., A and C) with higher
variance (MV-LV: Fsgs5=234, p=.040, ;1; =0012; HV-MV:
Fs 990 =15.76, p<0.001, 1112J =0.074; Supplementary Fig. 3). This could
reflect a classic exploitation-exploration tradeoff in time-constrained sce-
narios, where participants must balance efforts to take advantage of known
rewards with exploring the unknown environment'*"”. Under low uncer-
tainty, participants quickly identified and committed to better options,
whereas under high uncertainty, they were more motivated to explore, as no
clear target for exploitation emerged**’.

For the critical CA trials, shown in Fig. 4b, we conducted one-sample ¢
tests to compare the proportion of C choices against a chance level of 0.5 and
the objective reward ratio between the two alternatives. In CA trials, the
reward ratio is 0.75/(0.754-0.65)=0.536 in favor of option C. Intriguingly,
participants showed a significant preference for the theoretically better
option C in the LV condition (chance-level: #92)=3.051, p=0.003,
d =0.316; reward-ratio: #(92) = 2.107, p = 0.038, d = 0.219; 95% CI = [0.540,
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Fig. 4 | Behavioral results. a Participants in the LV condition showed the highest
accuracy in selecting the optimal option during training, with performance
decreasing as uncertainty increased in MV and HV conditions. This trend suggests
that greater uncertainty led to poorer learning, likely due to an exploration-
exploitation tradeoff where participants were more inclined to explore in high-
uncertainty scenarios rather than commit to a known optimal option. Here, the
optimal option refers to the option whose distribution, from which the outcomes are
drawn, has a higher mean and thus provides better long-term payoffs with infinite
draws. Accordingly, the ranking is C> A > B > D. b During CA trials, participants
showed a preference for the better option C in the LV condition, no clear preference
in the MV condition, and a preference for the less rewarding but more frequently

rewarded option A in the HV condition. These results align with the predictions of
the dual-process model, indicating that unequal reward frequencies have a stronger
influence when reward uncertainty is higher. Dashed line refers to the reward ratio
(0.536) while solid line refers to the random chance (0.5) choice rate. ¢ Histograms
across LV, MV, and HV conditions show that participants’ distribution of choices
shifted with increasing uncertainty. Under low variance, participants favored the
optimal option more consistently, while in the HV condition, choices were more
dispersed, reflecting greater exploration and less commitment to the optimal choice.
Error bar represents 95% confidence interval. N = 93 participants in the LV condi-
tion, 100 participants in the MV condition, and 100 participants in the HV
condition.

0.691]), no statistically significant preference for either option in the MV
condition (chance-level: #(99) =1.513, p=0.134, d =0.151; reward-ratio:
1(99) = 0.441, p = 0.660, d = 0.044; 95% CI = [0.484, 0.617]), and a significant
preference for the less rewarding but more frequently rewarded option A in
the HV condition (chance-level: #99)=-2.133, p=0.035, d=0.213;
reward-ratio: #(99) = -3.260, p = 0.002, d = 0.326; 95% CI = [0.370, 0.495]).
These results map nicely onto the predictions of our dual-process model by
indicating that, as hypothesized, the impact of unequal reward frequency on

decision-making escalates with increased value uncertainty. When the
underlying value is harder to gauge, individuals are more likely to rely on
their intuitive sense of how frequently an option has yielded an above-
average reward.

Model fitting results
Table 2 presents the model fitting results. Across all reward variance levels,
the dual-process model consistently demonstrated a substantial advantage
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Fig. 5 | Behavioral results explained by model-inferred Dirichlet weights. a A
3-dimensional scatterplot reveals that higher Dirichlet weights were consistently
associated with a greater likelihood of choosing option A in CA trials, empirically
validating the predictions of the dual-process model. b Bar plots show that overall
Dirichlet weights significantly increased from LV to HV conditions, supporting the
hypothesis that greater variance leads to increased reliance on frequency-based
processing. ¢ Reaction times, modeled as a quartic regression, indicate that parti-
cipants experienced the greatest cognitive load when Gaussian and Dirichlet pro-
cesses had nearly equal weights and both required careful evaluation. d Histograms

Objective Dirichlet Weight

show that subjective Dirichlet weights remained nearly constant across conditions,
while objective Dirichlet weights increased with variance, highlighting environ-
mental uncertainty as the key factor driving the shift toward Dirichlet frequency-
based processing. This pattern is hypothesized to be caused by the combined
influence of unequal reward frequency and increasing reward variance, while we
found that increased reward variance alone was sufficient to produce a similar
pattern of Dirichlet weight changes (see Supplementary Fig. 8). Error bar represents
95% confidence interval. N = 93 participants in the LV condition, 100 participants in
the MV condition, and 100 participants in the HV condition.

over all other models, with the only exception of the risk-sensitive Delta
model in the MV condition, where performance was comparable. In the HV
condition, it had a mean AIC advantage of 14.06 and a mean BIC advantage
of 12.05 over the other five well-established RL models, corresponding to a
BF,, of 65.75 over Delta, 8.89 over risk-sensitive Delta, 111.01 over mean-
variance utility, 99.40 over Decay, and 9.918 x 10° over ACT-R. This
advantage was equally large in the MV (AIC-advantage: 14.71; BIC-
advantage: 12.70) and LV (AIC-advantage: 18.18, BIC-advantage: 16.17)
conditions, which cannot be attributed to either of the individual processes
alone (Supplementary Table 1). Notably, in addition to the six previously
described models, we also fit a purely objective model where the distribu-
tional weights were entirely determined by the objective weight. We found
that even the purely objective version of the dual-process model fits better
than many current RL models, suggesting that simply accounting for the
weighting of multiple processes by their respective entropy—without

considering individual differences—was already sufficient to surpass models
that assume a single decision-making strategy (Supplementary Table 1).

Post-hoc simulations using the individualized best-fitting parameters
also showed that the dual-process model has the lowest RMSE among all
models across conditions (dual-process: .029; Delta: 0.040; risk-sensitive
Delta: 0.044; mean-variance utility: 0.044; Decay: 0.095; ACT-R: 0.052; see
Supplementary Table 4 for details). The dual-process model replicated
participants’ choice patterns in CA trials most successfully, whereas the
Decay model predicted consistent frequency effects irrespective of reward
variance, and the remaining four models failed to recover any frequency
effects during post-hoc simulations across the three levels of reward variance
(Supplementary Fig. 4).

Recovery results showed that the dual-process model successfully
recovered 67% of data generated by itself in the LV condition, 75% in the
MV condition, and 81% in the HV condition (Supplementary Fig. 5). All
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three model parameters demonstrated significant correlations between the
best-fitting parameters and the generating parameters, indicating satisfac-
tory model and parameter recovery performance (c: Pearson r=.905,
P <0.001, 95% CI = [0.882, 0.924]; a: Pearson r = 0.836, p < 0.001, 95% CI =
[0.798, 0.867]; w;: Pearson r=0.209, p<0.001, 95% CI = [0.315, 0.098];
Supplementary Fig. 6).

Post hoc analysis

Now that we know the dual-process model outperforms many existing RL
models across different reward variance levels, what does this tell us about
the trial-by-trial decision-making process? To explore this, we closely
examined participants’ best-fitting parameters, weight distributions
between C and A, and their ultimate choices in CA trials.

General linear model (GLM) analyses (Model Parameter ~ Condition)
revealed that, in the dual-process model, the inverse log temperature
parameter (c) significantly decreased from LV to HV (b=-0.337 + 0.087,
t=-3.881, p<0.001, 95% CI = [-0.507, -0.167]) and from MV to HV
(b=-0.282+0.085, t =-3.313, p=0.001, 95% CI = [-0.449, —-0.115]), but
not from LV to MV (b=-0.055+0.087, t=-0.629, p=0.530, 95% CI =
[-0.225, 0.116]). The decreased ¢ with increased reward variance was con-
sistent across models (Model Parameter ~ Condition + Model;, LV-MV:
b=-0.176 £0.063, t = -2.793, p =0.005, 95% CI = [-0.300, -0.053]; MV-
HV: b=-0.448 £ 0.062, t = -7.222, p < 0.001, 95% CI = [-0.570, -0.326]),
indicating a general increase in random choice behavior from LV to HV as
captured by all RL models. The learning/decay rate («) did not significantly
vary across conditions in the dual-process model (LV-MV:
b=0.020 £ 0.054, t=0.364, p = 0.716, 95% CI = [-0.086, 0.125]; MV-HV:
b=0.064 +0.053, t=1.212, p=0.227, 95% CI = [-0.039, 0.167]; LV-HV:
b=0.083 £0.054, t = 1.553, p = 0.121, 95% CI = [-0.022, 0.189]). Similarly,
the subjective Dirichlet weight parameter (w;) showed no significant dif-
ferences between conditions (LV-MV: b=-0.061 +0.056, t=-1.093,
p=0.275,95% CI = [-0.171,0.048]; MV-HV: b = -0.024 + 0.055, t = -0.444,
p=.657,95% CI = [-0.132, 0.083]; LV-HV: b =-0.085 + 0.056, t = -1.529,
p=0.127,95% CI = [-0.195, 0.024]).

To explore the relationship between the involvement of the Dirichlet
process and the observed preference shift, we conducted a multilevel mixed-
effects logistic regression to predict the probability of choosing the optimal
option C based on the overall weight of the Dirichlet process in CA trials,
Choosing C ~ Dirichlet weight + Condition + (1|Participant). After adjust-
ing for condition, we found that higher Dirichlet weights were closely
associated with a lower likelihood of selecting C (b=-3.071 +0.358,
z=-8.569, p <0.001, 95% CI = [-3.815, -2.374]), suggesting a direct link
between Dirichlet-based processing and frequency effects. Importantly, this
effect could not be mediated by variations in any other parameters or
misestimations in the Gaussian value-based process (Supplementary
Table 5 & Supplementary Fig. 7). Further mixed-effects analyses, Dirichlet
Weight ~ Condition + (1|Participant), confirmed that the overall Dirichlet
weights during CA trials significantly increased from LV to HV
(b=1.242+0.546, z=2.274, p=0.023, 95% CI = [0.169, 2.321]), and
numerically but not significantly from LV to MV (b=0.210+0.544,
z=0.386, p=0.670, 95% CI = [-0.864, 1.281]), and MV to HV
(b=1.032+0.536, z=1.926, p =0.054, 95% CI = [-0.020, 2.093]). These
combined effects align with our simulation results, demonstrating that
increased variance leads to higher Dirichlet weights, which, in turn,
encourage the selection of option A in CA trials due to its more frequent
rewards.

Next, we decoupled the overall Dirichlet weights in CA trials to isolate
the effects of objective versus subjective weights. As shown in Fig. 5, pro-
misingly, two-sample Kolmogorov-Smirnov tests indicated that the dis-
tribution of subjective Dirichlet weights did not significantly vary across
conditions (LV-MV: D =0.165, p=0.124; MV-HV: D =0.120, p = 0.468;
LV-HV: D =0.148, p = 0.212), with nearly identical bimodal distributions.
In contrast, the objective Dirichlet weights (Objective Dirichlet Weights ~
Condition + Trial Type) significantly increased from LV to MV
(b=0.525+0.027, z=19.736, p < 0.001, 95% CI = [0.473, 0.577]), and MV

to HV (b=0.732£0.022, z=34.011, p =0.022, 95% CI = [0.690, 0.775]).
This increase was even more pronounced in CA trials (LV-MV:
b=0.721 £0.095, z="7.587, p <0.001, 95% CI = [0.536, 0.909]; MV-HV:
b=0.836+0.071, z=11.732, p<0.001, 95% CI = [0.697, 0.976]). By
examining the distribution of objective weights, we found that very few
participants ever considered the Dirichlet process when the reward variance
was low. However, as uncertainty increased, reliance on reward frequency
grew proportionally. This indicates that as variance rose, participants
became less able to rely on a single decision-making strategy. The increased
uncertainty prompted them to consult multiple estimation methods, such as
using reward frequency as a proxy for value.

Lastly, we examined reaction times between Dirichlet- and Gaussian-
oriented decisions during CA trials to infer the mental effort involved in
utilizing different decision-making strategies. A GLM analysis (Reaction
Time ~ Dirichlet Weight 4+ Condition) indicated that participants generally
took longer to decide in the HV condition than in the LV condition
(b=0.155+0.053, t=2.921, p = 0.004, 95% CI = [0.051, 0.258]). A quartic
version of the model revealed that Gaussian-oriented decisions required
slightly longer processing times than Dirichlet-oriented decisions
(b=-3.058 +1.812, t=-1.688, p=0.092, 95% CI = [-6.610, 0.494]),
whereas participants hesitated the most when the decision involved both
processes with nearly equal weights (b =5.113 + 1.812, t = 2.822, p = 0.005,
95% CI = [1.562, 8.665]). This suggests that value-based decisions, which are
likely to involve more rigorous calculations and EV estimations, might be
more computationally demanding than frequency-based decisions, but the
cognitive load is at its highest when multiple processes must be carefully
considered before making the decision. We also observed slight rebounds in
reaction time when the weight approached either extreme (ie., Dirichlet
weight close to 0 or 1)—in other words, when a decision was modeled
as being almost entirely reliant on one decision-making system. This
pattern suggests that individuals might experience tension when relying
solely on one system, prompting a brief re-evaluation of the decision.
However, this explanation is highly speculative, and further empirical
support is needed.

Discussion

While it has been increasingly acknowledged that using a fixed learning rule
to generate singular EVs provides a limited view on how people adjust their
expectations*, developing alternative approaches to quantitatively theo-
rize behavioral decision-making remains challenging. For this purpose, our
parallel distributional model provides a novel and parsimonious framework
for understanding decision-making, particularly in complex, multifaceted
scenarios. Deeply rooted in recent accounts of the “Bayesian brain”
hypothesis'*'*'*", distributional representations of expectations have
achieved notable success in explaining a wide range of human behaviors—
many of which, just like frequency effects, appear irrational™*. We exten-
ded this approach by demonstrating that distributional models can
accommodate multiple dissociable estimation processes, thereby becoming
highly generalizable across a variety of decision-making contexts.

In our decision-making task with three levels of reward variance, we
found that participants preferred the more valuable option C over the more
frequently rewarded option A in the low variance condition. With moderate
variance, their choices became random, while with high variance, partici-
pants significantly favored the more frequently rewarded option A. Within
the framework of our dual-process model, which juxtaposes frequency- and
value-based systems, we identified a proportional increase in reliance on the
frequency-based system as variance increased, which maps nicely onto
participants’ behavior. Model fitting further showed that the dual-process
model significantly outperformed comparison models and accurately cap-
tured the observed preference changes. Together, these findings suggest that
participants transition from a value-dominant strategy to a dual-process
approach, with increasing reliance on reward frequency under conditions of
high value uncertainty. This reliance reflects the use of reward frequency as a
heuristic for value when estimating the underlying value distribution
becomes increasingly challenging.
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Related to our model, there have been some attempts to develop a dual-
process framework. For example, Miller et al. (2019) juxtapose a habitual
system with a goal-directed system, arbitrated by action-outcome con-
tingency and habitization strength. While this framework is conceptually
similar to our model, their habitual system relies solely on a tally of past
choices without encoding the valence. Yet, later research” shows that fre-
quency effects are not merely contingent on the act of selection, suggesting
that valence may still play a role in the frequency-based system. In addition,
without a distributional representation of the EV space, the measures of
action-outcome contingency and habitization strength—somewhat analo-
gous to the entropy measures in our value- and frequency-based systems—
depend on separate, manually tuned calculations (e.g., habitization strength
as the distance from the mean). This approach may lack the mathematical
rigor and generalizability compared to the estimation of statistical disper-
sion through well-established distributional functions.

That said, the unique feature of this dual-process model lies in the
entropy-based online weighting approach. This approach builds upon a rich
behavioral modeling literature showing that decision-making is strongly
influenced by uncertainty” . Higher uncertainty encourages exploration
and learning*", raising the “model temperature” during decision-making
because individuals may deviate from a strictly value-based logic and consult
alternative calculative mechanisms. However, most current efforts to
incorporate uncertainty as a modulator of learning nevertheless rely on the
Delta rule’**®, and therefore, are inherently limited in their ability to explain
behaviors that stem from alternative strategies, such as frequency effects.
The challenge of formally defining and estimating uncertainty in a
streamlined RL model without distributional representations often com-
plicates its integration into a multi-system framework. Interestingly, one of
the few studies that remotely addressed this issue in a model-based versus
model-free framework used Dirichlet priors to estimate the level of
uncertainty”’. Moreover, uncertainty in one process does not necessarily
translate into uncertainty across the entire environment. For instance, in our
task, one might be unsure about the value difference between C and A (i.e.,
high Gaussian entropy) but confident that A has yielded much more
cumulative rewards than C (i.e., low Dirichlet entropy). This could encou-
rage individuals to switch decision-making strategies, driven by reduced
cognitive efforts needed to ascertain the difference and risk-aversion.
Therefore, the presented distribution-based dual-process model excels by
recognizing how each process independently responds to the environment,
with a unified and straightforward quantitative measure of uncertainty.

By introducing entropy as a weighting parameter for multiple parallel
processes, we also implicitly introduced the idea that greater potential EV
differences demand more rigorous validation. In our model, the frequency-
based Dirichlet distribution is defined on a simplex, meaning that its
components always sum up to one. This constraint reduces the potential
statistical dispersion of the distribution but inherently limits the maximum
distance between alternative options. In contrast, the multivariate Gaussian
distribution is defined over the entire real space, allowing differences
between options to be infinitely large but requiring a growing number of
samples or a very small variance to validate the difference as reward values
scale. The Dirichlet system can be seen as a distilled version of the Gaussian
system. Since defining a “reward” inevitably requires input from the value-
based system, reward encoding between the two systems is not guaranteed
to operate entirely in parallel. Over time, however, detailed decision-making
contexts (e.g., precise reward values) may fade into a simplified, offline tally
of past outcomes classified in a binary way (i.e., rewarding/non-rewarding).
This distinction is reflected in the difference in computational complexity
between the Dirichlet and Gaussian distributions. This distillation process
reduces the amount of information that needs to be retained and facilitates
future retrieval of information stored in the Dirichlet system. This trade-off
captures the balance between accuracy and cognitive efficiency. As the costs
(e.g., cognitive effort, sample size) needed to validate decisions in the value-
based system become prohibitively high, they may outweigh the potential
gains from choosing a slightly better option, thereby encouraging a transi-
tion towards the simpler, frequency-based system.

Limitations

One limitation of the current dual-process model is that the subjective
Dirichlet weight parameter (w;) exhibited relatively lower stability during
parameter recovery compared to the other two parameters. This may be
because, in our paradigm, the subjective weight of the frequency-based
system becomes less relevant when external value uncertainty is either
extremely high or extremely low. In such cases, people are strongly biased
toward either the frequency- or value-based system, regardless of their
subjective preference. This is supported by the model-fitting results, which
demonstrate that the purely objective dual-process model performed rela-
tively well and successfully captured much of the dynamics involved in
strategy switching. However, the inclusion of the subjective Dirichlet weight
parameter still significantly improved model fit over the purely objective
version, suggesting that this parameter captured meaningful variability in
participant behavior for at least a subset of individuals whose preferences
were not entirely determined by external uncertainty. This parameter may
play a more critical role in future studies exploring individual differences in
decision-making, especially when external uncertainty is held constant.

Conclusion

In conclusion, our findings of adaptive learning and decision-making in RL
reconcile many findings of frequency effects in high variance (i.e., similar or
higher than a binomial variance) experimental paradigms, such as the
ABCD task'"”, IGT*"®, and Soochow Gambling Task**, with other
findings where decision-making appears to be primarily value-driven® .
The dynamic interplay of reward variance, frequency, and uncertainty
suggests that there is no definitive answer to which factor is more influential
in RL, as it ultimately depends on the context. Methodologically, our model
provides an exploratory approach to RL modeling by dissociating decision-
making strategies rather than attempting to map out the entire cognitive
pathway. The flexibility of such modeling framework not only allows for
more accurate capturing of behavioral decision-making under various
contexts, but also paves the way for future developments, such as adding
biased priors or incorporating additional processes, which could broaden its
potential to explain a wider range of human behaviors.

Data availability

Data presented in the current study can be accessed in Open Science Fra-
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