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THE PAST

The direct lineage of statistical learning theory began in 1950 with the publica-
tion in Psychological Review of Estes’ article “Toward a statistical theory of
learning.” Before saying more about that I recall, however, that there were a
number of earlier attempts to develop a quantitative theory of learning which can
easily be cited, but I hasten to say that I am not attempting anything like a serious
history of the period prior to 1950. I have used the following highly selective but
useful procedure of listing the earlier book-length works referred to in the spate
of important papers published between 1950 and 1953, which I discuss in a
moment. The earlier references referred to (not counting a large number of
articles) are Skinner's Behavior of Organisms, published in 1938, Hilgard and
Marquis’ Conditioning and Learning, published in 1940, Hull’s Principles of
Behavior, published in 1943, and Wiener's Cybernetics, published in 1948.
These and other earlier works not mentioned played an important role in develop-
ing the theoretical concepts of learning used in statistical learning theory and
related theories developed by others shortly thereafter. The basic concepts of
particular importance are those of association and reinforcement expanded into
the concepts of stimulus, response, and reinforcement, and the processes of
stimulus sampling and stimulus conditioning. Other important psychologists who
coatributed to this development and who were not mentioned on the basis of the
principle of selection I used are Guthrie, Thorndike, Thurstone, Tolman, and
Watson.

The work of all these psychologists would seem to be almost a necessary
preliminary for detailed quantitative and mathematical developments. (Wiener’s
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work, although mathematical in content, is not really in the tradition of psycho-
logical research.) The central contribution of statistical learning theory is the use
of the psychological concepts of association and reinforcement to develop a
genuinely guantitative theory of behavior. When I say genuinely quantitative, {
have in mind something rather specific., Earlier aitempts at quantitative theory,
perhaps especially Hull’s, did not lead to a theory that was mathematically
viable. In Hull’s theory it is impossible to make nontrivial derivations leading to
new quantitative predictions of behavior. Hull's heart was certainly in the right
place and he performed a real service in the kind of efforts he undertook, but it
must be said that they were not in any deep sense successful. In contrast,
beginning with Estes’ 1950 paper, there was a rapid development of ideas that
had the same sort of feel about it that the development of ideas and theories have
in physics. This is not meant to make any lame comparison between physics and
psychology, but rather to make the point that mathemarically formulated theory
in science, whether it be physics, psychology, or any other discipline, must be set
up in such a way that nontrivial quantitative predictions can be made, which can
themselves be checked by new experimenis or new observations, without some
unreasonable number of parameters left to be estimated for each new situation.
The many experiments conducted by Estes, his colleagues, and his students over
the decade and a half after 1950 aitest to the ability to adapi the theory in a
fruitful and interesting way to many different experimental configurations.

I tum now to that beginning of the new era in learning that [ properly date with
Estes’ 1950 paper. The opening sentence sets the tone of this new beginning:

Improved experimental techniques for the study of conditioning and simple dis-
crimination learning enable the present-day investigator to obtain data which are
sufficiently orderly and reproducible to support exact guantitative predictions of
behavior. ' :

By the end of 1953 a number of important theoretical articles had appeared that
set the tone for another decade. I mention especially and in chronological order
the two Psychological Review articles in 1951 of Bush and Mosteller, which
presented in clear and workable mathematical fashion models of simple leamning
and models of stimulus generalization and discrimination; the 1952 article by
George Miller on finite Markov processes; and the 1952 article by Miller and
McGill on verbal learning. I end with the 1953 Psychological Review article by
Estes and Burke on the theory of stimujus variability. These are not the only
articles on learning that appeared during this period, nor even the only theoretical
ones. But they are by the psychologists who created a new theoretical approach
in psychology. To an unusuai degree, Estes’ 1950 article marks in a very definite
way the beginning of this new era.

My own involvement with Bill Estes and learning theory began after 1953.
We first began to work together in 1955 when we were both fellows at the Center
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1. ESTES' STATISTICAL LEARNING THEORY 3

for the Advanced Study in the Behavioral Sciences at Stanford. It is probably fair
to say that I learned more about learning theory in the fall of 1955 in my almost
daily interactions with Bill at the Center than at any other time in my life. He
brought me quickly from a state of ignorance to being able to talk and think about
the subject with some serious understanding. I had previously tried to read the
works of Hull mentioned earlier, but had found it fairty hopeless in terms of
extension and further development, for the reasons already indicated. Once Bill
began explaining to me the details of statistical learning theory I took to it like a
duck to water, because I soon became convinced that here was an approach that
was both experimentally and mathematically viable.

Over the years I have become involved in other aspects of mathematical
psychology, especially the theory of measurement, the theory of decision mak-
ing, and the learning of school subjects such as elementary mathematics. In the
process I have had the opportunity to work with colleagues who have also taught
me a lot, particularly Duncan Luce, Dave Krantz, Amos Tversky, Dick Atkin-
son, and Henri Rouanet. But although many years have passed since Bill and I
worked together on a regular basis, 1 still remember vividly my own inteliectual
excitement as we began our collaboration in that year at the Center.

More generally in the 10 years following that initial burst of activity from
1950 to 1953, Bill had many good students and much good work was published
both by him, his colleagues, and his students. In fact, in my own judgment the
decade and a half frome 1950 to 1965 will be remembered as one of those periods
when a certain new approach to scientific theory construction in psychology had
a very rapid and intense development, perhaps the most important in this century.

THE PRESENT -

I think it is fair to say that in the 1970s and 1980s much of Bill’s own interests
shifted from learning theory to problems of memory and related areas of cogni-
tion. During this period the new wave of enthusiasm was for cognition rather
than for learning. Fortunately, in the last few years we have had a return to a
central concern with learning in the recent flourishing of connectionism and the
widespread interest in neural networks. It is apparent enough that many of the
new theoretical ideas have a lineage that goes back to the developments in
learning theory between 1950 and 1965,

I am not going to try to give a survey of these new ideas (see Suppes, 1989),
but rather give three applications that arise out of statistical learning theory and
related work on stochastic models of learning in the 1950s. These applications
_are also not meant to be a survey, but reflect my own current work. My purpose
in discussing them is to show how the basic ideas of statistical learning theory
remain important and have the possibility of application in quite diverse areas of
theoretical and practical concern,
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My first example concerns the learning of elementary mathematics. The work
I report here has been done with Marioc Zanotti and will be written up in detail
elsewhere. The second example concerns robots that learn and the work I report
has been done in collaboration with Colleen Crangle. The third example con-
cerns the learning of Beolean functions, with particular attention to the introduc-
tion of hierarchies in such learning. This work has been done with Shuzo Tak-
ahashi.

Learning kElementary Mathematics

What I describe under this heading is extensive work at Computer Curriculum
Corporation over the past decade on computer-assisted instruction in basic skills,
especially elementary mathematics. The fundamental problem is the continual
dynamic assessment of mastery on the part of the student. The use of computers
for instruction permits deep concern for operational individualization of instruc-
tion. This means that each student can be moved forward on an individual basis
as he or she masters successive skills or concepts. The course entitled “Mathe-
matics Concepts and Skills” is aimed at supplementary instruction, ranging from
kindergarten to the eighth grade. The course is divided into 16 content sirands. A
strand itself is ordered into a sequence of equivalence classes of exercises of
increasing difficulty. An equivalence class is meant to be a collection of exercises
of essentially the same difficulty. For example, an equivalence class in the
addition strand might contain exercises of adding two three-digit numbers with
no carry from one digit to another. There are also strands concerned with mea-
surement, geometry, word problems, and so on. I do not attempt o give here a
systematic description of the content of the course, which in a broad sense
overlaps extensively with any standard textbook series. The features of indi-
vidualization and the organization of a given strand into an ordered sequence of
equivalence classes are aspects that differ radically from the structure of text-
bocks. The computer-assisted instruction session presented to a student on a
given day includes exercises from a selection of the strands appropriate to the
student’s grade level. In general the exercises are selected across the strands on a
random basis according to a curriculum distribution, which is itself adjusted to be
a convex mixture with a purely subjective distribution depending upon the indi-
vidual student’s strengths or weaknesses. The curriculum probability distribution
is itself something not to be found in the general theory of curriculum or in
textbooks, but is essential to the operational aspects of the kind of course [ am
describing. 1 do not here, however, go into the details of either the curriculum
distribution or the individual student distribution, nor do I discuss the equally
- important problems of contingent tutoring when the student makes a mistake, or
how a student is initially placed in the course.

The detailed use of learning theory occurs in monitoring and evaluating when
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a student passes a mastery criterion for leaving a given equivalence class of
exercises to move on to a more difficult concept or skill. Here we have been able
to apply detailed ideas that go back to the framework of statistical learning theory
introduced in Bill Estes’ 1950 paper, but with an application he probably never
originally had in mind: to the daily activity of students in schools in many parts
of the country. Classical and simple ideas about mastery say that all that is
needed is a test. On the basis of the relative frequency of correct answers in a
given sample a decision is made as to whether the student shows mastery. But the
first thing that one finds in the detailed analysis of data is that when a student is
exposed to a class of exercises, even with previous instruction on the concepts
involved, the student will show improvement in performance. The problem is to
decide when the student has satisfied a reasonable criterion of mastery.

The emphasis here is on the data analysis of the actual learning, not on the
setting of a normative, criterion of mastery. For this purpose some standard
notation is introduced. Although in almost all of the exercises concerned, the
variety of wrong student responses is large, I move at once to characterize
responses abstractly as either correct or incorrect. With this restriction in mind I
use the following familiar notation:

A, , = event of incorrect response on trial n,
A, , = event of correct response on trial n,

x, = possible sequence of correct and incorrect responses from Trial 1 to n
inclusive, :

g, = P(Ay ), the mean probability of an error on Trial n,
g = 41

‘?x.u = P(AO,nIxn—- I)'

Also, A, and A, are the corresponding random variables.

The learning model that Zanotti and I have applied to the situation described is
one that very much fits into the family of models developed by Estes, Bush,
Mosteller, and the rest of us working in the 1950s. In addition to g, there are two
parameters to the model. One is a uniform learning parameter o that acts con-
stantly on each trial, because the student is always told the correct answer; and
the second is a parameter w, which assumes a special role when an error is made.
This is one way to formulate the matter. A rather more interesting way perhaps is
to put it in terms of the linear learning model arising from statistical learning
theory analyzed very thoroughly in Estes and Suppes (1959, 1959a, 1959b). The
parameter « corresonds to 1 — 8 in the linear model derived from statistical
- learning theory. The linear learning model derived from statistical learning theo-
ry puts all of the weight as such on the reinforcement. The generalization consid-
ered here is straightforward and can be found in earlier studies as well. In terms
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of the two parameters o and w we may write the basic assumptions of the model
in terms of the following two equations:

P(Ag e Moty ) = (1 ~ wiaP(Ag %, ) + ow, (1)

P(Bg ns ity i) = (1 — wiaP(Ag Ix, . ). (2

It is then easy to prove by familiar methods that in terms of random variables:
BAg ) = o"g. (3)

Var (Ag . ) = gl — a’g). 4

Equation (3) just expresses in terms of random variables the familiar mean
learning curve, which also holds in the learning model of statistical leaming
theory, but written in terms of @ rather than in terms of a. A variety of methods
are available for estimating the three parameters of the model, namely, the
parameters g, o, and w, but I do not go into such methods here.

In Figs. 1.1~1.4 I show four mean learning curves for third- and fourth-grade
exercises in addition and multiplication of whole numbers and addition of frac-
tions. The grade placement of each class of exercises is shown in the figure iitle,

B

Frequency of icomact responges

Trals

FIG. 1.1. Addition at grade-level 3.65, sample size = 612, ¢ = 0.545, &
= (.847.
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Fraquency of sncorrect responses
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FiG. 1.2. Multiplication exercises at grade level 3.65, sample size =~
487, ¢ = 0.508, & = 0.875.

for example, 3.65 for multiplication. But this does not mean that all the students
doing these exercises were in the third grade, for with the individualization
possible, studeits can be from several different chronological grade levels. The
sample sizes on which the mean curves are based are all large, ranging from 406
to 616. The students do not come from one school and certainly are not in any
well-defined experimental condition. On the other hand, all of the students were
working in a computer laboratory run by a proctor in an elementary school so
there was supervision of a general sort of the work by the students, especially in
terms of schedule and general attention to task. In these mean learning curves
and the sequential data presented later, the students who responded correctly to
the first four exercises have been deleted from the sample size and from the data,
because in terms of the mastery criterion used, students who did the first four
exercises correctly in a given class were immediately moved to the next class in
that strand. No further deletions in the data were made. For each figure the
estimated initial probability ¢ of an error and the estimated learning parameter o
are given.

The data and theoretical curves shown in Figs. 1.1~1.4 represent four from 2
sample of several hundred, all of which show the same general characteristics;
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Fraquency ol mcatrect responses

Tnalg

FIG. 1.3. Multiplication exercises at grade level 3.95, sample size =
408, ¢ = .500, & = 0.831.

namely, very rapid improvement in probability of a correct response as praciice
continues from the first trial onward. In most cases the student will have at least
one intervening trial between exercises from a given class. So, for example,
between two fraction exercises there might well intervene several different exer-
cises, one a word problem, another a decimal problem, and so on. Also, it is
probably true for all of the students that they had had some exposure by their
classroom teacher to the concepts used in solving the exercises, but, as is quite
familiar from decades of data on elementary-school mathematics, students show
clear improvement in correctness of response with practice. In other words,
learning continues long after formal instruction is first given. The most dramatic
example of an improvement is in Fig. 1.4. This is not unexpected, because
understanding and manipulation of fractions are among the most difficult con-
cepts for elementary-school students to master in the standard curriculum.

In Tables 1.1-1.4, data from the same four classes of exercises are analyzed
in terms of the more demanding requirement on the learning model to fit the
sequential data. In the present case we looked at the first four responses with, as
already indicated, the data for students with four correct responses deleted. This
left a joint distribution of 15 cells, and in the case of the sequential data, the
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FIG. 1.4. Fraction exercises at grade level 4.40, sample size = 616, ¢

= 0.849, & = 0.736.

Observed and Theorstically Expected Distribution for the First Four Responsas to Addition

Trais

TABLE 1.1

Exercises at Level 3.65.

Sampie Size - 612, DF = 11, & = 0,188, 4 = 0.406, & = 0,750, x2 = 14.39

Coalf Observed Expactad
0000 25 20.6
0001 35 35,0
0010 19 21.1
0011 75 70.6
0100 13 15.8
0101 34 30.3
0110 31 25.5
G111 163 1516
1000 12 12,7
1001 19 27.3
1010 19 17.3
1011 80 80.0
1100 18 14.6
1101 49 48.3
1110 39 32.6
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TABLE 1.2
Multiplication Exercises at Level 3.65.
Sample Size - 488, DF = 11, 3 = 0,125, § » 0.375, G ~ 0.875, x2 = 4.44

Csif Obsearved Expecied i

i

0000 17 17.9

0001 25 24.2

0010 20 18.9 |

0011 40 41.0 l

0300 19 16,1 |

0101 33 31.0 i

0110 a0 25.1 [
0111 87 83.1
1000 13 14.7
1001 25 25.9
1010 16 20.8
1011 59 61.8
1100 15 18.7
1101 48 48.5
1110 43 40.2

theoretical computations involve the parameter w as well as «. For leaming
theorists the stringency of the test to fit such sequential data with only three
parameters is well known. The data in each of the tables have 11 degrees of
freedom because of the three parameters estimated from the data. The largest X2
is for the addition exercises, but even here the X? is not significant at the 0.10
level. 1t is to my mind surprising that the data fit as well as they do.

It is to be noticed thai the values of g and « are not the same for the mean
learning curve and the joint distributions. This is because we fit each case

TABLE 1.3
Multiplication Exercises at Level 3,85,
Sample Size - 406, DF = 11, @ = 0.1B8, § = 0.281, & = 0.781, x2 =~ 9.43

Calf Observed Expectsd
Q0G0 12 94
0001 12 16.0
0010 9 10.5
Q011 29 36.3
0100 10 8.6
0101 23 22.3
0110 21 156.8
0111 115 103.4
1000 8 8

1001 17 1
1010 13 1
1011 54 6
1100 8 1
1101 43 4
1130 32 2
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TABLE 14
Fraction Exercises at .avel 4.40.
Sample Siza - 618, DF = 11, & = 0,313, § = 0.813, & = 0.668, x2 = 8.87

Call Obsearved Expacted
0000 76 738
0001 96 89.8
0010 4 388
0011 121 126.0
0100 21 21.7
0101 41 40,5
0110 18 21.1
0111 141 136.5
1000 6 77
1001 12 118
1010 g 55
1011 16 238
1100 5 42
1101 13 99
1110 7 55

directly and the best estimates were not precisely the same for the two different
statistics, as is familiar in learning data. It is also apparent that if we used the
same values for both mean learning curves and the sequential data, the fits would
still be reasonably good in all four classes exhibited in Figs. 1.1-1.4 and Tables
I.1-1.4.

The main point of my presentation of these data is to show the viability of the
Jearning models that originate in statistical learning theory and related work in
the 1950s to nonexperimental school situations. I argue that the examples given
show that much deeper application of mathematical and quantitative learning
concepts and theories can be applied directly to school learning. This ap-
plicability of a very direct kind contrasts quite markedly to any attempt to apply
in the same quantitative fashion learning ideas to be found in the earlier work of
Hull or Skinner, for example, cited at the beginning of the previous section.

Robots that Learn

In this example of the application of statistical learning theory a more radical
attitude is taken toward the use of the theory, because it is not an application
directed at the analysis of data from huran or animal performance, but rather
uses the theory as the basis of a built-in mechanism to smooth out and make
robust the performance of a robot that is learning a new task. The idea of such
instructable robots, on which I have now worked for a number of years with
Colleen Crangle and others (Crangle & Suppes, 1987, 1990; Maas & Suppes,
1985; Suppes & Crangle, 1988) is organized around two leading ideas. First,
robots should be able to learn from instructions given in ordinary, relatively
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vague English, just as we expect children and apprentices to do so in learning a
new task. Second, quite apart from the vagueness of the English, even the
conceptualization of the task is often relatively vague and qualitative in char-
acter. The use of precise coordinates is not easily available to the instructor and
consequently probability distributions provide a method of robustly adjusting to
the nature of the task—probability distributions, I should emphasize, that are
dynarpically changing as a consequence of learning.

The approach we use to these matters follows directly from work of my own
on learning models for a continuum (Suppes, 1959a, 1959b), which very much
falls within the framework of statistical learning theory. The leading idea is that
on any trial the robot has a smoothing distribution x,, (x), which earlier I called
a smearing distribution. (As should be evident, ju is the mean of the distribution
and ¢ its variance.) The idea is that this is a distribution that is smeared around
the conceptually ideal response. The probability of a response lying between a
and b is J% x, (x)dx. Notice that I am implicitly assuming, and now do so
explicitly, that the applications are confined to one dimension. In fact, for the
present discussion I restrict myself to the beta distribution on the open interval
(0,1}

(o + B)
B = TIm

where, as is familiar, the distribution requires that o, > 0. Moreover the mean
p and the variance o are:

xe-i(l — x)B—1

- 2 - af
P=a+8 T T e+petp+ )

Note that the uniform distribution is a special case of the beta distribution when «
= (3 = 1. In our present work Crangle and I have restricted ourselves to one
dimension although there is considerable interest in the two-dimensionai applica-
tions. But the learning—theoretic ideas become more complicated rather rapidly.
A typical one-dimensional task that we may think of for purposes of illustration
is a robot opening a door. Its problem is to position itself along an interval
parallel to the door when closed. Within that framework we think of three kinds
of feedback or reinforcement to the robot: positional feedback, accuracy feed-
back, and congratulatory feedback, where each of these different kinds of feed-
back are expressed in ordinary qualitative language. In the case of positional
feedback, we have three range constants indicating how much the means should
be moved. The constants are qualitatively thought of as large, medium, and
small, with the large parameter being 2, the medium 1, and the small 0.5. (The
exact value of these parameters is not important.) In this framework we have then
the relations between feedback and learning shown in Table 1.5.

Notice that all of the positional feedback commands are not given. It is
understood that for each of those to the left, there is a corresponding one to the
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TABLE 1.5
Relation Between Feedback and Learning

Feedback/Reinforcement Learning

1
Much further left Hnbi =Hp- 20

Right just a litle! Entq =#p+0.50
Move to the left! Hei TUR-O
-2
Be more careful! K1 n
No need to be 50 cautious! Pl = \/Un
Just right! pr21+1 = M
2
O+1 =%n

right, and vice versa. In the case of the positional feedback the variance stays the
same, and only the mean is changed. In the case of accuracy feedback, shown in
the second part of Table 1.5, only the variance is changed, not the mean. The
algebraic expression of the change in vanance reflects the fact that we are
restricting ourselves in the present example to the open interval (0, 1). Finally,
congratulatory feedback is to indicate that the distribution being used is satisfac-
tory. Its location and accuracy is about right and so the mean should be the last
response, that is p,, ., = r,, and the variance stays the same. In order to reduce
the number of figures, in Fig. 1.5 I show at each step only the distribution on the
basis of which the response is made. The response is shown by a heavy black
vertical line and then the verbal feedback that follows use of this distribution to
the right of the graph. The graphs are to be read in sequence starting at the top
and moving to the right from the upper left-hand comer. 1 should note that the
initial instruction not shown here is “Go to the door,” which is also repeated at
the beginning of each new trial.

As the graphs are meant to show, with appropriate reinforcement and further
trials, the robot ends up with a reasonable distribution for the task of opening the
door. It might seem that we should not go to all this trouble of repeated trials and
the use of English, when one could just program in from the beginning the
correct distribution. This has been very much the attitude in much of the work in
computer science on robots, but a little reflection on the wide world of practical
activities will indicate that it is a very limited approach to performing most tasks.
Complicated problems requiring sophisticated motor and perceptual skills are
really never handled by the explicit introduction of precise parameters. Appren-
tices learn from watching and getting instruction of a general sort from a master
craftsman. A youngster learning to play the piano or learning tennis is not told
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FIG. 1.5. illustrations of the changes in probability distribution by an
instructable robot learning 1o open a door.

how to set parameters but is given practice and repeated qualitative instruction on
ways to improve the performance. [ am not suggesting by these remarks that we
have reached a very sophisticated level in the instruction of robots, but just that
the road that lies ahead for the kind of work outlined here seems to be concep-
tually the right approach to a great many tasks we will expect robots to perform
in the future. The central point I want to make is that the way we have thought
about learning in the past seems to me very appropriate for thinking about
learning in the future as far as robots are concerned. In this simple example, for
instance, 1 have certainly bypassed all of the problems of laying out the exact
cognitive and perceptual capabilities of the robots to whom the theory is sup-
posed to apply. When one turns to actual examples, it is clear that the cognitive
and perceptual capabilities will be severely limited but can in many cases be
adequate to spectfic tasks. It is my own conjecture that the kind of ideas initiated
by Bill Estes and others in the 1950s will have a useful, and in many cases
central, role to play in the training of robots for specific tasks, not merely in the
distant future but rather soon.
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Learning Boolean Functions

In this third example I turn to purely theoretical issues, but ones that have been
the focus of a number of papers in computer science in the last few years,
especially by Valiant (1984, 1985). Much of the work of Valiant and others-—1I
mention especially the recent long article by Blumer, Ehrenfeucht, Haussler, and
warmuth (1989)—has been on learnability of various classes of concepts, in-
cluding especially Boolean classes. The thrust of this theoretical work has essen-
tially been to show under what conditions concepts can be learned in polynormial
time or space. These general polynomial results are important, but I would like to
focus here on reporting joint work with Shuzo Takahashi in which we are much
more concerned with detailed results of the kind characteristic of learning theory
as applied to human behavior. Secondly, the work of Valiant has emphasized the
importance of considering only restricted Boolean functions that have some
special syntactic form, for example, disjunctive normal form. Although I state
some general results that Takahashi and I have obtained, I mainly concentrate on
examples, in order to show the power of imposing a learning hierarchy whenever
pertinent conditions obtain.

For the analysis of learning Boolean functions, it is very natural to go back for
the learning process to one of Bill Estes’ most important papers, the 1959 one
entitled “Component and pattern models with Markovian interpretations.” 1
especially have in mind Bill's introduction of the pattern model in this paper. The
assumptions about the pattern model close to his that we use are these: First, one
stimulus pattern is presented on each trial; second, initially all patterns are
unconditioned; third, conditioning occurs with Probability 1 to the correct re-
sponse on each trial. This last assumption is a specialization of the general
formulation Estes uses in which conditioning occurs with Probability c. In this
application, intended for machine learning, it is appropriate to set ¢ = 1. Fourth,
there are two responses, | for the pattern being an instance of the concept, and
for its not so being. Finally, for the initial discussion I make a sampling assump-
tion that is much more special than any assumed in Bill's 1959 paper, but one that
is useful for the purposes of clarifying the role of a hierarchy in the learning of
Boolean functions. This is the strong assumption that there is a complete sam-
pling of patterns without replacement.

The intuitive idea of the hierarchy.is easily introduced, and the reasons for it
as well. Suppose we are interested in learning an arbitrary Boolean function of n
variables. Then there are 2" patterns. Without introducing a hierarchy there is, in
the general case, no natural way to avoid sampling all of the patterns if we want
to learn the concept completely. Even when we want to learn the concept in-
completely, but with reasonable confidence of a correct response, if the patterns
are distributed more or less uniformly, then learning by sampling each pattern is
not feasible——not feasible in the technical sense that it is exponential in n.
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On the special learning assumptions introduced, and I emphasize particularly
the assumption that patterns are sampled without replacement, it is easy to prove
some general results. As a matter of notation let

N, = number of trials for nonhierarchical learning of term ¢,
H, = number of trials for hierarchical learning of ¢,

V, = number of distinct variables in z,

§, = set of function symbols in ¢,

A(f} = number of arguments in function .

We may then easily show that

N? = 2‘*’:
H, = 2, 24,
fes,

Here are some simple exampies:

For t = flx,y),N, = 22 = 4 and H, = 22 = 4,
For t = flg(x; %), h(x . x5,%3)), N, = 22 = 8 and H, = 22 + 22 + 22 = 16.
But for ¢ = flg(x),%5,%,), g %350 N, = 24 = 16 and H, = 22 + 23 = 12

Note that in each of these examples, f, g, and & are arbitrary Boolean func-
tions. The exact form of the function does not matter, For instance, in the first
example f could be Boolean intersection, Boolean disjunction, or Boolean ex-
clusive or. Here is the best sort of hierarchical example:

t= h(g(f(xl! x2)7 ﬂx:’,s x4))! 3(f(x59 xs)s f(x'f? xs)))

N, = 2% = 256
H =3x22=12
= 4 log, V,

=4log, 8 =4 X3 =12
On the other hand, here is the worst sort of hierarchical example:

£ = h(g(fl(-xlv xz)sfz(xp xz))a gz(f3(-x1a -xz), f4(x1; xz}))

N=22=4
H, =7 x 22 =28,

Introducing one more matter of notation, let F, = |S| be the number of
function symbols in t. We may then state the following theorems that are easily
proved.

Theorem 1. For terms with only binary functions, if V, = 4 and V, = F, then
H, = N,.
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Notice that Theorem | establishes a general inequality for hierarchical versus
nonhierarchical formulations with restriction to binary functions. Terms so re-
stricted we call binary terms.

Theorem 2. For binary terms, if V, = 4 and F/V, < r then HIN, = r.

More than a decade ago (Suppes, 1977) I was emphasizing the importance of
hierarchies for efficiency in learning, but at that time I did not appreciate how
great the gain might be. I end by describing one simple example that is quite
dramatic. Let the number of individual variables be 1024-—obviously I pick this
number to have a nice power of 2 but the exact number is of no importance. Then
the number of patterns is 21924, which on the basis of individual sampling would
take more time to complete than the universe has yet experienced. The number of
trials, although finite, is unthinkably large. However, I now introduce the follow-
ing three assumptions. First, let the hierarchy be of the form of the best example
given above but such that each occurrence of the binary function f is now a
distinct function f;. Second, let there be learner control of stimulus sampling, so
that the learner can sample exactly the pattern desired; and third, let the process-
ing be parallel. Then the trials to learn an arbitrary Boolean function expressible
in this particular hierarchy by binary functions is just 40. This is a reduction from
21024 of more than 300 orders of magnitude! More generally, for n the number of
variables, the trials to learn for this best hierarchical example with parallel
processing is 4 log, n.

The proof in the general case is quite simple. The four patterns for parallel
processing at the initial stage and recursively then for each next level of the
hierarchy can be shown as follows:

XXy XaXg cevennn Xpe 1 X
VRN IR SR
10 10 ....... 10
o0 Ol ....... 01
0 00 ....... 00

Second, it is easy to show that the number of leaming levels in the hierarchy is
simply log, n. This last example with n = 1024 is admittedly a very special case,
but, even in a very special case, to obtain a reduction of 300 orders of magnitude
in the number of learning trials is something not easy to find in any domain of
knowledge under any circumstances whatsoever. We are all intuitively convinced
of the importance of hierarchies in the organization of large-scale learning in the
schools, but it is very desirable to have a dramatic artificial example to show their
pOWer.

THE FUTURE

It is obvious enough that I think statistical learning theory wili continue to
flourish in the future and have a place of importance. Over the past generation we
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have raised a lot of cognitive psychologists who know very little about learning
of a serious sort, but the new generation is properly learning all about connec-
tionism and neural nets. A natural question is whether the pattern model, as just
used in the discussion of learning Boolean functions, will be replaced by neural
nets. There is an important distinction o be made bere-—a distinction that is
critical in understanding why statistical learning theory will continue to have a
significant future. This distinction is that between methods of implementing
learning, and analysis in terms of best results possible. In describing the pattern
model 1 have not at all tried to describe how it would be implemented in hard-
ware or software of either the biological or electronic kind. It is easy enough to
show, and shouid be apparent, that the leamning results for Boolean functions just
discussed cannot be improved by any new network configuration. In fact, it
would undoubtedly be the case that under many kinds of network analysis the
learning rate would not be so rapid as that shown for the pattern model. Granted.
I mean the pattern model with the strong assumption that the conditioning param-
eter ¢ = 1. This example of course was meant to be artificial, but the same kind
of very strong hierarchical results would obtain under a broad range of sampling
assumptions about the patterns. What is said there about parallel processing of
patierns is critical to efficient learning of a biological as well as electronic kind.
The most obvious example is the human vision system, although I am not
pretending that a simple analysis in terms of Boolean functions will suffice to
provide a detailed theory.

Parallel processing, it seems to me, is the important concept to add to Estes’
classical pattern model. This addition will represent an important modification
for the future. In contrast, the use of neural networks is not an extension, or in
contradiction to, the pattern model, but represents a lower level of abstraction.
what I would call a schematic level of implementation. I hasten to add that |
strongly favor this lower level of abstraction, for a full account of learning needs
a theory of the biological or electronic processing of both external stimuli and
internal computations.

On the other hand, as much as such an extended theory is desirable, we can
easily be musled into understanding the difficulty of developing it or the
usefulness of simplifying abstractions like the pattern model. A pluralism of
levels of abstraction and of corresponding models is, in my judgment, a perma-
nent feature of any science of complex phenomena. It is naive and mistaken to
think we shall find the one true complete theory of learning based on accurate
details of how neurons and their connections actually work. Many different levels
of theorizing will continue to be of value in many different domains. There is
every reason to think that the kinds of applications of statistical leaming theory
described in the previous section will have a robust future.

More generally, the classical concepts of association, generalization, and
discrimination will be extended, but it seems likely that these basic concepts will
continue to play the role in the psychology of learning that the concepts of
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classical mechanics such as force, mass, and acceleration have played for 200
years of physics. It is not that physics has not developed many new concepts and
theories, it is, rather, that once fundamental concepts are put in some reasonable
mathematical framework and are recognized as having great generality, they do
not disappear. Such will be the future of the fundamental ideas of statistical

learning theory.
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